We consider the problem of arranging a set of aircraft in a maintenance hangar operated by an independent aircraft service provider. The overall safety margins of the parking layout need to be maximized within the limited available space, measured by the weighted sum of the individual discrete safety margins of each aircraft. A mixed-integer linear programming model is developed, and the positions of the aircraft are determined by the position-controlling binary variables associated with a set of revised No-Fit Polygons (NFPs). Due to the nonconvex irregular shape of aircraft, the model involves a great number of binary variables associated with the revised NFP. The default branch-and-bound algorithm is inefficient in solving such a model as the infeasibility information of the precedent visited solution cannot be directly utilized by the default method to update the bounds. A heuristic algorithm is developed to provide practical solutions, and the intermediate infeasible solutions identified during searching are utilized to develop valid and approximate inequalities, tightening the optimality gap. The computational results demonstrate that the addition of inequalities improves the computational efficiency in solving a wide range of instances and in tightening the optimality gap while the stopping criterion is met.
Introduction
The problem of arranging a set of aircraft of different sizes in a maintenance hangar arises due to the increasing outsourcing of aircraft hangar maintenance activities to independent aircraft service companies [1, 2] . The aircraft maintenance problem can be viewed from different perspectives, including the airline company, the line maintenance service provider, the hangar maintenance service provider, and the military mission department [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . From the perspective of the aircraft service company, after receiving aircraft maintenance requests from a number of clients, one needs to consider which subset of maintenance requests to serve during a planning period to attain maximal profit, as well as to come up with an aircraft parking layout to minimize the risk of collision during the movement operations of the aircraft. In actual operations, the practitioner typically gathers a subset of aircraft with similar maintenance times in a batch and then arranges the batch in the maintenance hangar to facilitate the maintenance procedures. The literature related to the maintenance scheduling problem in the context of an aircraft maintenance base operated by single airline seldom considers the variation of hangar capacity [13] , i.e., the number of aircraft that can be accommodated in the hangar at the same time, along the planning period, as the parking stands have been predetermined at the hangar design stage due to the limited type of aircraft to be maintained. However, as the maintenance base operated by the maintenance service company receives aircraft of different sizes within the planning period, the hangar capacity varies from time to time, and therefore optimizing the hangar space within the planning period is essential. The aircraft parking stands arrangement problem (PSAP) aims to maximize the hangar utilization with maximal overall safety margins for the aircraft placed in the hangar. After determining the aircraft to be parked in the hangar, we aim at finalizing the aircraft parking layout by arranging aircraft parking with maximal safety margins [14] . Given the complexity of the problem, we aim to enhance the computational efficiency of heuristic algorithm used in previous studies [14] by developing a family of inequalities based on the intermediate infeasible solutions during the process of heuristic searching for determining the optimal parking layout with maximal overall safety margins or tightening the optimality gap for the challenging problems. Given a set of aircraft to be served, the objective of the problem is maximizing the overall safety margins measured by the weighted sum of the individual safety margins of each aircraft, preventing the overall risk of collision during the batch movement operation prior to and after the maintenance operations in the hangar.
The PSAP has not been extensively studied in the literature and the most closely related reference we are aware of refers to the irregular item packing problems [14] , according to the classification of by Wäscher et al. [15] . The problem studied here can be regarded as an extended version of the two-dimensional irregular item packing problem in a fixed dimension container [15, 16] , since aircraft need to be modelled as irregular polygons to accurately measure the capacity of the hangar accommodating the aircraft. PSAP is different from the general packing problem which aims to arrange the items to be as compact as possible. Instead, PSAP aims to optimally arrange the parking position of the aircraft while reserving a moderate distance between each pair of aircraft. The item cutting and packing problem in twodimensional space has been widely studied in the literature because of its practical use in various industries, and such packing problems can be classified as either regular items packing problems or irregular items packing problems [15, [17] [18] [19] [20] [21] [22] [23] [24] . Many mathematical formulations solving irregular items packing problems have been proposed in the literature [25] [26] [27] [28] [29] [30] . The No-Fit Polygon (NFP) has been widely used in detecting if two irregular items overlap with each other [31, 32] , while other approaches also exist [33] . The main difficulty in tackling irregular shape item problems is the great number of binary variables determining the relative position between each pair of aircraft in the container. Generally, solving an instance including more than 10 irregular items becomes challenging and intractable with the current approaches [26] . In our problem, we assume that each aircraft has to select an individual safety margin within the admissible discrete range and . In this regard, there are a number of | |⋅( − +1) NFPs involved in each problem instance for the proposed problem, which are extremely challenging using the existing approach.
Many heuristic algorithms have been developed to utilize infeasible solutions that are identified during the searching process. For example, some researchers focusing on the vehicle routing problem (VRP) with loading and unloading constraints in a two-dimensional space adopted infeasible solutions to develop heuristics, and there are some similarities with the problem studied in this paper. Specifically, both these two problems have large numbers of candidate solutions to explore and the feasibility of the candidate solution can be examined only after fixing all decisions. To compare these two problems, the VRP has to determine the routing of each vehicle first, and the parking stand arrangement problem has to determine the individual safety margins for each aircraft first. Afterwards, there is a set of decision variables determining the position of the items to be placed in the container in both problems afterwards. As the items are arranged in a two-dimensional space in both problems, the feasibility of the solution cannot be directly checked by a single resource constraint as in classic assignment problem but needs to be examined with a set of geometrical constraints, including nonoverlapping constraints and boundary constraints. To utilize these infeasible solutions identified during the searching process, one can eliminate a set of unvisited unpromising candidate solutions that has the same pattern of those identified infeasible solutions. In particular, the identified infeasible solutions are recorded in a list; then the respective inequalities are generated and inputted into the mathematical model according to the information in the list, so as to eliminate unvisited unpromising solutions with the same patterns. For example, Felipe et al. [34] used the intermediate infeasible solution to diversify the search process in a heuristic algorithm, tackling the vehicle routing problem with precedence and loading constraints. Iori et al. [35] proposed an exact approach based on a branch-and-cut algorithm to solve the vehicle routing problem with two-dimensional constraints. The infeasible route identified during the feasibility checking process is recorded and converted to a cut, which is added to the original problem. Hokama et al. [36] developed a branch-and-cut algorithm to deal with the unpackable path generated from the master problem. They used a hash table to record the feasibility information for the route or subroute visited earlier.
The feasibility of the tentative route can be examined by comparing the elements in the route. If the tentative route has the same elements as the infeasible subroute recorded in the hash table, the tentative route can be referred to as an infeasible route without further examination by the branchand-bound algorithm. Some heuristic searching strategies exist to detect the feasibility of a given solution in the packing problem, such as sequence based heuristics [37] , the robust hyperheuristic algorithm [38] for the rectangular packing problem, and the recursive algorithm for the rectangular guillotine strip packing problem [39, 40] . However, using these methods may lead to being trapped in local optima as the complexity of the polygons increases. The technical roadmap is organized as follows: a mathematical model is firstly presented to formulate the aircraft parking stands arrangement problem in the context of aircraft maintenance service providers. Due to the large number of binary variables involved, the mathematical model can only solve the small problem instance to optimal within a reasonable time, and the medium-to large-sized instances are intractable, solely by the mathematical model. To provide a warm start and tighten the bounds of the mathematical model, a heuristic algorithm aiming at tackling large-scale instances is developed, which uses the mathematical model as the foundation. In detail, the heuristic algorithm determines a candidate solution first, and then a branch-and-bound based feasibility checking approach is incorporated in the heuristic algorithm to examine the feasibility of a given combination of individual safety margins for the set of aircraft to be maintained in the hangar. To examine the feasibility of the tentative solution, the feasibility check approach inputs the tentative solution into the mathematical model with all safety-margin-related decision variables fixed in the model and then implements the model to check whether infeasibility returns. The heuristic adjusts the candidate solution if the previous candidate solutions are infeasible, and the warm start solution for the mathematical model would be determined by the end of the heuristic. During the feasibility checking process, the identified infeasible solutions are recorded to further prune down the set of infeasible solutions by adding several forms of inequalities to exclude infeasible combinations, before initiating running the original model so as to enhance the efficiency of mathematical model. Specifically, a set of inequalities is developed to convert the recorded infeasible solutions that were identified during the heuristic searching process as constraints in the model. The developed approach has been extensively tested on problem instances derived from the actual situation in an aircraft maintenance service company. The remainder of this paper is organized as follows. Section 2 describes the problem and the notation and formulation of the mathematical model, fundamental to the heuristic and inequalities. Moreover, the complexity of the problem is further analysed in this section. Section 3 presents the heuristic approach and the inequalities derived from the infeasible solutions during the heuristic search process. Section 4 examines the computational results, and the conclusions are drawn in Section 5.
Aircraft Parking Stands Arrangement Problem

Problem Description.
The proposed problem can be defined as follows: we are given a subset of aircraft of different shapes to be serviced during a short planning period, and these aircraft can be feasibly arranged in the given maintenance hangar satisfying the minimal safety margin requirements; i.e., the shortest distance between each pair of aircraft is at least equal to or larger than the minimal safety margin. Figure 1 presents a typical maintenance hangar operated by an independent aircraft base maintenance company serving different clients and accommodating aircraft of different shapes and sizes. In the problem, each aircraft has to select an individual safety margin to utilize the unused space in the hangar so as to minimize the risk of collision during the movement and maintenance operations. Two hangar layouts both can accommodate the same set of aircraft while the assigned position for each aircraft is different.
In Figure 1 (a), the aircraft can be feasibly arranged in the maintenance hangar while they are placed in a concentrated manner even if there is a lot of unused space (the shadow region in Figure 1(a) ). In this regard, the problem studied in this paper aims to enlarge the safety margin of each aircraft so as to make the most of the empty space (Figure 1(b) ). The safety margin is defined as the shortest distance between two aircraft in the hangar, and the problem aims to have a maximal overall safety margin measured by the weighted sum of the individual safety margins of each aircraft placed in the hangar, as described in [14] . In an actual situation, largesized aircraft bear more risk of collision, compared with the small-and medium-sized aircraft, as larger aircraft are less manoeuvrable than smaller ones. In this regard, the larger aircraft are given higher priority in reserving larger safety margins in practice, and the weight of the individual safety margin in the objective function is associated with the area of each aircraft. In the developed mathematical model, the aircraft safety margin is discretized for the trade-off between accuracy and computational efficiency, and we also prescribe the individual lower bound ( ) and the upper bound ( ) of the safety margin to represent the minimal safety requirement and the largest safety margin that contribute the overall safety margins, respectively, as reserving too high a safety margin does not necessarily contribute to overall safety but only increases the number of binary variables in solving the problem. The methodology of preventing irregular items from overlapping refers to the mechanism of No-Fit Polygons [31, 32, [41] [42] [43] , as shown in Figure 2 (a): P1 and P2 are two simple polygons, and we denote the bottom left corner of polygon P2 as its reference point, for illustration purposes. To generate NFP between P1 and P2, polygon P2 slides along the boundary of polygon P1 while keeping in touch with P1, and the trajectory of the reference point of polygon P2 is recorded as the No-Fit Polygon between these two polygons. To prevent overlap, the reference point of P2 must be placed outside or on the boundary of the No-Fit Polygon. To characterize the NFP in the linear programming model, the area outside the NFP is partitioned into several horizontal slices and each horizontal slice is formed by several lines which can be denoted by a linear equation. Accordingly, the equation ( − ) + ( − ) = is used to denote the fth line forming the kth slice outside the NFP [25, 27] . If the reference point of polygon j is placed on slice k, then there are several constraints in the form of ( − ) + ( − ) ≤ , denoting that the slice k is activated to impose the relative position requirement. For the No-Fit Polygons between each pair of aircraft, we denote the reference point of the aircraft by the middle of the bottom edge of the aircraft because of its symmetrical shape. To enforce the prescribed safety margin between each pair of aircraft, we move the edges of the original NFP outward, with a distance equal to the prescribed safety margin (Figure 2(b) ), and the reference point of aircraft j must be placed outside or on the boundary of the revised NFP. For a pair of aircraft, the safety margin used to separate them is determined by the aircraft with the larger safety margin in that pair, as shown in Figure 2 (b). Aircraft j has larger individual safety margin than aircraft i and therefore the revised NFP associated with the safety margin of the aircraft is activated to separate the pair.
MILP Formulation for the Problem.
We list the notations and decision variables for the formulation of the problem. the reference point of aircraft j is placed into slice , and 0 otherwise : auxiliary decision variable that takes value 1 if the shortest distance between aircraft i and j is n and is activated, and 0 otherwise.
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In the problem formulation, the objective function (1) maximizes the overall safety margins. Constraint sets (2)- (4) are bound constraints. Constraint (5) is a nonoverlapping constraint that separates each pair of aircraft by the safety margin n. Variables are binary and one of them must take value 1 if is activated in separating aircraft i and j. Constraint (12) prescribes that each aircraft must take a safety margin value within the prescribed bounds of each pair of 6 Mathematical Problems in Engineering aircraft. is the auxiliary variable used to activate/deactivate the revised NFP with safety margin n. Constraint (11) imposes the condition that there should be only one revised NFP activated to separate each pair of aircraft. According to the description of the problem, the safety margin used to separate aircraft i and j is determined by the larger individual safety margin in this pair, and constraints (7)- (10) imply that the associated with the revised NFP with safety margin n is activated if and only if one aircraft has a safety margin n and the other has a safety margin smaller than or equal to n; then constraint (6) activates/deactivates the respective revised NFP with binary variable , respectively. Constraints (14)- (15) indicate that and are binary variables. Constraint (13) is imposed to avoid duplicate solutions and prescribes that the safety margins for the aircraft belonging to the same aircraft type are in a decreasing order: margin 1 ≥ margin 2 ≥ ⋅ ⋅ ⋅ ≥ margin 3 .
Solution Methodology
3.1. Heuristic Algorithm. The feasibility of a tentative solution (a given combination of safety margins )) is determined by fixing a set of position-controlling binary variables for every pair of aircraft placed in the hangar. When the problem scale becomes larger, the default branch-and-bound provided by a solver such as CPLEX becomes inefficient, as the optimizer would try to find the set of safety margins that achieves maximum overall safety margins as the promising tentative solution at first, while such a tentative solution reserves too large a distance between each pair of aircraft that exceeds the capacity of the hangar. However, the infeasibility of the tentative solution can only be confirmed by the branch-and-bound when all values for every pair of aircraft have been fathomed; however such search progress is time-consuming for the large-scale instance mentioned above. In this regard, a heuristic algorithm is firstly proposed to provide a practical solution for the problem within a reasonable time in the actual situation; then the mathematical model is tightened by recording the intermediate solutions for later use in the development of inequalities and in providing a moderate upper bound of safety margin, known as threshold of the safety margin, as well. Therefore, the heuristic provides fundamental information for the development of the inequalities discussed later.
The notations and the flowchart of the heuristic algorithm are presented in Table 1 and Figure 3 , respectively.
The procedures shown in Figure 3 can be generalized in three steps. The feasibility of a given tentative solution is examined by creating an MIP model feasibility check, which tries to place all aircraft with the revised NFPs determined by a set of safety margins. If the feasibility check model is Mathematical Problems in Engineering able to accommodate all aircraft in set , then the hangar is feasible for the problem. Otherwise, such a tentative solution is infeasible because there is at least one aircraft that cannot be placed in the hangar with the given safety margin in the tentative solution. The heuristic algorithm consists of three main steps.
Step 1. The algorithm first calls for the feasibility check and places the set of aircraft in with a combination of safety margins for ∈ . The initial individual safety margins for each aircraft is initially set to be the lower bound of the safety margin of individual aircraft i (lb i ). If a feasible solution returns, the respective objective value (1) determined by the tentative solution examined in this iteration can be updated as the lower bound of the model in Section 2.2. After that, the safety margins of all those aircraft are augmented until returning an infeasible solution, with the highest individual safety margin in this infeasible solution defined as the threshold of the safety margin of the current problem.
Step 2. The safety margins of some aircraft need to be reduced in order to obtain a feasible parking plan again.
Step 2 is called the individual safety margin decrementation and augmentation stage. Firstly, the priority of each aircraft is assigned according to the physical size of the aircraft (larger aircraft are assigned with higher priorities), and the priority value of each aircraft is kept constant during the heuristic search process. For easy understanding, we can simply regard the value of the priority of each aircraft to be equal to its size . Afterwards, all aircraft in are put into the set Priority List , and the Priority List acts as a sequence of adjustment of individual safety margins. According to the expression of the objective function, the weightiness of the individual aircraft safety margin that each aircraft contributes depends on the physical size ( ) of each aircraft. Therefore, larger aircraft have higher priority in getting larger safety margin to contribute more to the objective function, and the largest size aircraft's safety margin should be considered decremented at last after decrementing the safety margins of aircraft with lower priorities and no feasible solution returns. In this connection, the first adjusting strategy is that the individual safety margin for the aircraft with the lowest priority in the Priority List is decremented first until a feasible solution returns, or the aircraft is moved to the waiting list set, i.e., Aug List. If it reaches the lower bound of safety margin associated with that aircraft then the algorithm selects another aircraft with lowest priority in the Prioirty List instead. After obtaining a feasible solution after decrementation, the algorithm selects the aircraft with highest priority for safety margin augmentation from the Priority List and checks the feasibility of the tentative solution. If the infeasible solution returns, such an aircraft is removed from further augmentation consideration. The algorithm in this step continues until the Priority List is empty.
Step 3. After Step 2, the algorithm again obtains a set of aircraft pending for safety margins augmentation again in the waiting list Aug List. The adjustment strategy in this step is that the safety margin for aircraft with the highest priority in Aug List is augmented first, until an infeasible solution returns, and such an aircraft is removed from the Aug List for further consideration of safety margin augmentation.
Inequalities for Problem
3.2.1. Valid Inequalities. We utilize the infeasible solutions derived from the heuristic search and propose four inequalities to tighten the upper bound of the problem. After presenting the inequalities, we provide examples to illustrate the idea of the respective inequalities accordingly. The sets R and Q in the parameter list of the heuristic denote the infeasible solutions under Step 2 (individual safety margin decrementation/augmentation in Priority List set) and Step 3 (individual safety margin augmentation in Aug List set) of heuristic algorithm, respectively. As the inequalities derived from the infeasible solutions of Steps 2 and 3 in the heuristic algorithm are presented with different expressions, we use sets R and Q to differentiate the infeasible solutions to be inputted in inequalities 2 and 3, respectively. We find that when the safety margins reach a relatively large value, i.e., a threshold value, during the overall augmentation stage, not all the aircraft in the subset can be feasibly placed in the hangar. Therefore, a safety margin that is larger than or equal to the threshold value cannot obtain a feasible parking plan. Inequality 1 expressed in (17), i.e., threshold inequality, is proposed to remove infeasible solutions that exceed the threshold value. Example 1 shows how inequality 1 eliminates the set of infeasible solutions that exceeds the threshold value.
Example 1. Assume that an instance with three aircraft has a feasible parking plan when the safety margin for all aircraft is assigned a value n, but the feasibility check cannot find a feasible solution when all the safety margins are augmented to a value n+1. In this case, the value n+1 is the threshold for augmentation. Therefore, a bunch of combinations can be excluded from the solution space. Specifically, { +1, +1, + 1}, { + 2, + 3, + 1}, and { + 3, + 4, + 2} (the numbers in brackets denote the respective safety margin for three aircraft) can be excluded. However, there are still large numbers of infeasible solutions left in the solution space since the threshold inequality 1 only eliminates the infeasible solutions such that each safety margin exceeds the threshold value. Therefore, we further propose the two inequalities 2 and 3 expressed in (18)- (19) to remove infeasible solutions during the individual adjustment stage when an infeasible solution is found.
Inequality 2 is derived during the process of the safety margin decrementation/augmentation stage at Step 2 of the heuristic. We denote the set of the infeasible solutions identified during the individual safety margin decrementation/augmentation at Step 2 as R. When the safety margin of each aircraft reaches the threshold value and an infeasible solution returns from the feasibility check, the decrementation of the safety margin begins and aircraft i with the lowest priority in the Priority List is decremented at first. Therefore, we can infer that before obtaining a feasible solution, any augmentation of the safety margin of any aircraft is infeasible, and we denote S as the set of safety margins in that iteration. Similarly, selecting the highest priority aircraft in the Priority List for safety margin augmentation with the infeasible solution in
Step 2 also implies that any augmentation of the safety margin of any aircraft is infeasible. Moreover, inequality 3 is identified at the individual safety margin augmentation in Step 3: the safety margin of the aircraft with the highest priority in the Aug List is augmented first (denoted as l in (19)). If the safety margin of aircraft i with the highest priority is augmented to and the feasibility check finds it infeasible, then any safety margin value larger than for aircraft i cannot produce a feasible solution, and we denote Q as the set of infeasible solutions identified during the individual safety margin augmentation stage. Example 2 shows how inequalities 2 and 3 eliminate the unvisited infeasible solution by utilizing the intermediate visited infeasible solution during the individual safety margin decrementation and augmentation stage in the heuristic algorithm.
Example 2.
Assume an instance with three aircraft has a threshold value n+1. Taking the safety margin decrementation in Step 2 as an example, a feasible solution can be found after several individual safety margin decrementations, and the safety margins are assumed to be {1, 3, + 1}. If the priorities of these three aircraft are in increasing order, we can infer that any combination when the safety margin of the third aircraft is n+1, and the safety margins of the first and second aircraft are larger than 1 and 3, respectively, are infeasible, and therefore inequality 2 is proposed to remove these combinations as well as the infeasible solutions identified during the safety margin augmentation in Step 2. Similarly, inequality 3 is proposed to remove an infeasible solution whenever it is found during the individual augmentation stage in Step 3. We assume that the feasibility check finds a feasible solution for the decision { − 1, 2, 3} and the priority of the three aircraft are in decreasing order. During the individual augmentation stage in Step 3, the safety margin of the first aircraft is augmented to k at first. If the feasibility check finds that the solution is infeasible after augmentation, i.e., { , 2, 3}, then any other value for the safety margin of the first aircraft larger than or equal to k is infeasible, with the safety margins for the other two aircraft remaining unchanged.
Approximate Inequality.
Intuitively, the problem can be viewed as a nesting problem that places "enlarged" aircraft in the hangar, and the enlarged area of the aircraft is determined by the safety margin of each aircraft. Inequality 4 expressed in (20) is derived from the implication mentioned above: the sum of the "enlarged" area of aircraft determined by its safety margin cannot exceed the capacity of the hangar. Due to the irregular shape of the aircraft, it is found that the highest utilization of hangar space obtained in the numerical examples is around 50% (i.e., used area of the hangar/total area of the hangar) as shown in computational results (Table 2) in Section 4.2. Therefore restricting the sum of the enlarged area by the hangar area cannot effectively restrict the safety margin of the aircraft. An alternate method for measuring the capacity of the hangar is to adopt the threshold value derived from the heuristic algorithm: the capacity of the hangar is approximately equal to the sum of the "enlarged" aircraft area determined by the threshold value, as the feasibility check cannot find a feasible solution when all the aircraft safety margins are larger than the threshold value. We would like to point out that the latent assumption in the problem is that overlaps of the "buffer area" of aircraft are allowed since the larger safety margin in a pair activates the respective revised NFP to separate the two aircraft (Figure 2(b) ). However, inequality 4 regards the buffer area of an aircraft as a part of the aircraft since the inequality calculates the sum of the area of the enlarged aircraft and limits the sum to a defined value (the sum of area determined by the threshold value). Therefore, the interpretation of inequality 4 is as follows: the sum of the area of the enlarged aircraft area cannot exceed its counterpart determined by the threshold value derived from the heuristic in Section 4.2. In inequality 4, V refers to the area of enlarged aircraft i associated with safety margin n.
Computational Results
This section presents the results of computational experiments that were carried out on instances based on real-life data provided by an aircraft maintenance company in Hong Kong. All the procedures described in the previous sections are coded in C# in Visual Studio 2010 and run on a computer with an Intel Core i7 processor, at 3.6 GHz with 32 Gb of RAM. The mixed-integer linear programming is solved by the CPLEX 12.7 serial model.
Description of Instances.
We collected data from an aircraft base maintenance service provider in Hong Kong and generated problem instances based on their actual data. The maintenance company we studied has over 50 clients, including airlines, business jet companies, and utility aircraft companies. In particular, the maintenance hangar in the aircraft maintenance area of Hong Kong International Airport is operated by the company. The information related to the estimated arrival time (ETA), departure time (ETD), aircraft type, and maintenance request of each maintenance order from clients was collected. We further figured out the number of aircraft needed to be arranged each day, the frequencies of the days, and number of aircraft to be arranged, as presented in Figure 4 . A mix of large-, middle-, and small-sized aircraft to be arranged in the hangar each day is typical, and it is reported that planning for 7 aircraft simultaneously by the manual method is challenging. In this regard, we adopted 40 testing instances based on the observed peak-day scenarios and the number of aircraft maintenance orders in those instances ranged from 6 to 12, which was also used in Qin et al. [14] . We refer interested readers to Qin et al. [14] for the complete instance dataset used in the computational experiments. The peak-day scenarios observed in the actual situation were used as initial instances; then the proportions of small-, medium-and large-sized aircraft were adjusted, together with the adding of new maintenance orders in order to create challenging instances in the experiment.
In the instances set, we have 10 small-sized (i.e., G200, CL600, CL605, F900LX, F2000EX, F2000LX, ERJ135, F7X, G450, and GIV), 11 medium-sized (i.e., GL5T, G550, G5000, G6000, G650, A318, ERJ190, A319, A320, B738, and A321), and 2 large-sized (i.e., A332 and A333) aircraft types, which include large-sized civil aircraft and medium-size civil aircraft as well as business jets. The classification of aircraft models is based on their area. 40 instances are divided into four groups according to the majority of the aircraft type for better presentation of the results, as follows: (1) the majority of aircraft in the instance are small-sized, (2) the majority of aircraft in the instance are medium-sized, (3) the majority of aircraft in the instance are large-sized, and (4) the number of aircraft from different categories in the instance are equal. With regard to the safety margin range, we prescribed the minimal individual safety margins of all small-sized aircraft as 1 meter, medium-sized aircraft as 2 meters, and large-sized aircraft as three meters in our computational experiment, which aligns with the idea that larger size aircraft should have higher safety distance. Referring to the practice adopted in the company, the maximal individual safety margin of all types of aircraft is prescribed as eight meters.
Computational Results of the Problem.
The number of binary variables used to determine the relative positions between each pair of aircraft in the problem is determined by two factors: (1) the number of aircraft to be accommodated in the hangar and (2) the range of the safety margins in the problem. It is reported that the branch-and-bound algorithm with the horizontal slicing MIP model can optimally solve the open-dimensioned nesting problem with, at most, 14 pieces, with convex-and non-convex-shaped pieces [25] . To control the problem size to a moderate level, the upper bound of the safety margin is determined by the threshold value derived from the heuristic in this section, and the results are shown in the fifth column in Table 2 . Considering that the problem is similar to the nesting problem with ⋅ ( − + 1) pieces (ub and lb stand for the upper bound and lower bound of safety margin), such a problem size is challenging, so we referred to the stopping criterion adopted in literature. Alvarez-Valdes et al. [25] set several time milestones (1h, 2h, 5h, and 10h) in solving difficult instances that involve more than 12 complex irregular items. We therefore selected and prescribed the time limit for each instance as 18,000 seconds (5h), with the upper bound of the safety margin determined by the threshold value derived from the heuristic. Table 2 shows the computational results for the problem. The number of aircraft to be placed in the hangar with maximal overall profit and satisfying minimal safety margins is indicated in the third column. As inequalities 2 and 3 thoroughly utilize the information of the intermediate solutions during the heuristic search, these two are regarded as the most comprehensive and powerful ones to enhance the computational efficiency. Therefore, we analyse the effectiveness of the proposed heuristic with inequalities 2 and 3 used to provide the initial solution and to remove infeasible solutions before the branch-and-bound algorithm. The computational results of CPLEX solving these instances are derived from the previous work in [14] for comparison. We are able to optimally solve 21 instances, with the upper bound of the safety margin determined by the threshold from the heuristic. We found that, in many instances, the initial solution provided by the heuristic proved optimal by the exact algorithm, after an exhaustive search in some instances. In addition, in 12 instances (those heuristic values being bold and underlined) out of 21 that are solved to optimal, the solution provided by the heuristic algorithm is found to be optimal, demonstrating the applicability of the developed heuristic approach. Although in some cases the objective function value increased in the branch-andbound algorithm, the searching processes took a long time. In the problem, the difference between the best integer and upper bound corresponds to the pending safety margin of each aircraft. To update the upper bound of the branchand-bound, one has to prove the infeasibility of the pending safety margins, which corresponds to a single feasibility check. Though the final layout demonstrates a satisfactory result in regard to operation in practice, large gaps have been recorded in instances with packed layouts, since updating the bounds in the problem we studied is far more difficult than the model involving only one NPF to separate each pair of aircraft.
Moreover, the performance of the model and the computation time differ a lot, even comparing two instances from same instance group with the same number of aircraft to be arranged in the problem. Taking instances 23 and 24 as examples, the number of aircraft placed in the hangar satisfying the minimal safety margin requirement and the threshold value derived from the heuristic are the same, and the number of binary variables involved in the two instances is similar, with similar problem settings (three large-size aircraft and 3 small-sized/ medium-sized aircraft), while the exact algorithm takes much more time to solve instance 23 to optimal. It is found out that adding inequalities into the original model can tighten the upper bound but does not necessarily accelerate the searching process of the branch-and-bound algorithm. To ensure the efficiency of the branch-and-cut algorithm, a balance between the generation of the cutting plans and branching must be considered. The searching process might be hindered by adding too many inequalities in the original LPs, although better bounds result in fewer explored nodes [30] , which can also be observed in the computational results in Section 4.3.
The computational results in Section 4.2 demonstrate that inserting inequalities 2 and 3 with the warm start provided by the heuristic algorithm is able to shorten the computational time for obtaining an optimal solution or tighten the optimality gap if the optimal solution cannot be obtained within the time limit, for many instances, compared with the original MIP model, without adding inequalities and providing a warm start by the heuristic algorithm. For the large instances 36-40, the inequalities 2 and 3 with the heuristic are able to achieve better solution, and instance 38 can be solved to optimal, compared with the original model. Moreover, improvement of the lower bound is recorded after inserting the inequalities, given the lower bound value provided by the heuristic.
Comparing Inequalities for the Problem.
To compare the effectiveness of the proposed inequalities, we selected those instances that were solved to optimality within 18,000 seconds in the problem in Section 4.2, with the safety margin upper bound less than 8 meters. In this section, we relaxed the safety margin upper bound to the origin upper bound limit (8 meters) in both the MIP formulation and heuristic algorithm in order to find the improvement of the objective value, as well as the effectiveness of the proposed inequalities in tightening the upper bound. Table 3 shows the results of proposed heuristic and a comparison between the four inequalities described in Section 3.2. The first column indicates the testing instances that are optimally solved in Section 4.2. The performance of each strategy is indicated by four values: the lower bound (best known solution), upper bound, optimality gap, and computational time. The time limit for each testing instance is 18,000 seconds, and the layout of the best known solutions in this section can be found in the Appendix.
The results in Table 3 show that there is no inequality that is always dominant across all the instances. We find that in some cases the performance of inequality 1 suppresses that of inequalities 2 and 3. We notice that the proposed approximate inequality 4 based on the idea of placing the "enlarged" aircraft into the hangar is able to eliminate a number of combinations of safety margins that significantly exceed the capacity of the hangar and tighten the upper bound in some cases. Although the idea of placing the "enlarged" aircraft in the problem is an approach for controlling the combinations of safety margins and tightening the upper bound, accurate calculation of the sum of the "enlarged" area is required so as to avoid removing a feasible solution, since the overlaps of the "enlarged" part between each pair of aircraft is allowed according to the definition of the safety margin and the methodology applied to separate aircraft. The computational experiments conducted in Section 4.3 focus on the challenging instances created by relaxing the upper bound of safety margin for the instances solved to optimal in Section 4.2. Therefore, we mainly focus on the final optimality gap recorded after inserting different inequalities. The results have demonstrated that inequality 4 is able to tighten the upper bound of the problem but is not necessarily valid for all cases, and therefore we would only consider inserting inequality 4 to tackle large instances and in providing an approximate estimation of the limit of the maintenance hangar.
Conclusions
In this paper, we examined the problem of determining the optimal individual safety margins within the admissible range of safety margins for aircraft to be serviced in a maintenance hangar by a maintenance service company during a planning period in order to minimize the risk of collision during aircraft movement operations as well as during the maintenance processes. This problem arises with the increasing number of outsourced maintenance requests from clients, and the maintenance company has to efficiently utilize their limited maintenance base space to meet the requirements of various clients. We first present a complete mixed-integer linear programming model for the aircraft parking stand arrangement problem, considering the accurate shape of aircraft, and then incorporate a set of revised NPFs to enforce the discrete safety margin between each pair of aircraft. To tackle the large number of binary variables involved in the model, we developed a heuristic approach to provide a practical solution within a reasonable time. Moreover, a set of inequalities is proposed to convert the recorded infeasible solutions during the heuristic search as cuts to be added in the mathematical model before implementing the branch-and-bound algorithm provided by CPLEX. Problem instances in computational experiments are derived from an aircraft maintenance company in Hong Kong, and the computational results show that the proposed approaches are applicable and beneficial to the problem in practice. For future research, our model can be extended to incorporate other realistic considerations, such as the availability of technical staff and maintenance equipment as well as the uncertainties encountered in actual situations while fulfilling the maintenance requests from clients. 
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